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Abstract:

This article analyzes the domains, formulas, and properties of several important
functions in mathematical analysis. For each function, the domain is clearly
defined, and some are studied in depth from the perspective of limits. The article
serves as a useful methodological guide for students and teachers within the scope
of the mathematical analysis course.
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Introduction

Functions are one of the fundamental concepts in mathematical analysis. They
are widely used in modeling physical, economic, and other real-life processes. In
particular, their limits and properties are crucial in solving many applied
problems. Among the functions presented below are some remarkable and
important ones frequently encountered in mathematical analysis.

Some Fundamental Limit Properties:
Given a X (X € R) set let aaa be its limit point, and suppose  f(x) va g(x)
have finite limits at aaa. Then:

limf(x) = b, limg(x) =c
D) im[f (x) £ g(x)]=bxc

2) lim[f(x)-g(x)]=b-c
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f(x)

If two functions are equivalent as  lim ﬁ =1 - f(X)J g(X) , then they may
=% g (X

be substituted for one another when calculating limits to simplify the
computation.

Important and Remarkable Limits:

. sinx . tgx . arcsinx . arctgx,. shx . thx
1. Iim——=lim==lim——————=Iim lim =lim—=1
Xx—0 X Xx—0 X Xx—0 X Xx—0 X Xx—0 X x—0 X
. Sinax
2. lim =a,aecll
Nn—o0 X
1
i = 1 . Inl+x
3. lim@+x)* =liml+=)* =e. 4. Ilm¥:1
Xx—0 X—>00 X Xx—0 X
X_ eX_
5. lim =Ina (a>0). 6. lim =Ine=1.
x—0 X x—0 X
. Q+x)* -1
7. |ImL=a (ael).
x—0 X
8. limx°Inx=limx?Inx=limx%¢™*=0 (a>0).
X—>+00 X—>+00 X—>+00
Proofs of some remarkable and uhum limits:
. tox
< 1.2 |Imi=1
Xx—0 X
. tox .. sinx . sinx 1 . sinx .. 1 1
Ilmi:hm =lim—— - ——=I[im -lim =1. =1l
x>0 X x20 XCOSX *»0 X COSX x>0 X  x>0COSX cosO
. arcsinx . :
<1.3 |Irrg—=l arcsinx =t we calculate by entering a mark: where
X— X
Xx=sint,x—>0,=>t—>0
. arcsinx .. t o1t 1 1
im——=lim——=Ilim——--= —=-=1.
x>0 X -0 sint 0 sint t Iimﬂ 1
t—0 t
. arctgx )
<1.4 Im(‘Jl g =1  we calculate by entering a mark: where
X— X
arctgx =t
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X=tgt,x—> 0,2t -0

._arctgx .t 1t 1 1
I|rr0\ =|tIrB]——|tI0 o =—=1]c
x>0 X -0 {gt »tgtl I|mg 1
t—0 t
A L5imI™® g im® o imE = L im o L &L &
x—0 X x-0 X x>0 2% 2 x>0 X 2| x>0 ¥ x>0  —X
[
hx
<|16I|mt—:1
Xx—0 X
shx
hx 1. ef—e* _ e+ 1(,. -1 .. e*-1 1
Ilmt——llmChX_—Ilme © imEFC [ im&E = imE A=
x-0 X x—0 X 2 x—0 X x—0 2 2 x—0 X x>0  —X 2

>

2-ajoyib limit:

X—>0

Iim(1+ Ej =e~2.71828...
X

g=2.718.

n n+1 -1
|im(1+ij =|im[1+iJ -(1+i) _B ¢
N—>o0 n+1 N0 n+1 n+1 1

n+l n
Iim(1+£j :Iim(1+1j -(1+1j=e-1:e.
n—oo n n—oo n n

- Iim(1+1j =e.
X—0 X
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. In(1+ x
4. IlmM =1
x—0 X
_In@+x) .. 1 . = . =
< |Im¥ =lim=InL+ x) =limIn(1+ x)*) =Inlim(1+ x)* =lne=1>
x—0 X x=0 X x—0 x—0
.at—
5. lim =Ilna, a>0.
x—0 X

Ina
a* —1=vy, defining it as
x=log,(1+y) x—>0da y—>0
_ y . 1 . 1 1 1
lim =lim =lim —= = =Ina.
-0 log, (L+y) v-olog,(L+y) vy-o 2 _ 1) log,e
y log, (+Y)") log,| lim(1+y)”
y—

6. Iirr(]e _1:1. we will perform the substitution as above and have the

X— X
following.
lim—Y— —lim—t—lim— - 1 -1
y—0 |n(1_|_ y) y—0 In(1+ y) y—0 £ _ 1 Ine

y IN(@+y)’) Inllim@+y)’
y—0

7. Iirrolwza (@en).

X—> X
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t
(1+x)* =¢' definingitas x=e4 -1, x—>0=t—>0
e -1 . e-1 't L e-1t a _e'-1 1

lim =lim . =lim =a-lim . =
t-0 @ _1 t-0 ¢ e?t _1 t50 t a e* -1 t>0 t et _1

8. limx“Inx=limx“Inx=limx*e™* =0, (a>0).

x—0 X—»00 X—»o0

limx*Inx=0,a>0,x* =t, x:%/f

x—0

1
=“t.|nx=|n2‘/f=—|nt,x—>0 = t—>0.
o

I|m—Int_—I|mInt_—I|mIn(t)_—Ilmln((l+(t 1)')=

t=0 a a t-0 a t—0

-0=0.

QJlH

a

—I|mln{(1+(t 1))t1j aILmIn( S e =

Sample examples on the topic:

1-example
4 J— J—
lim (1+x)" —1-4x

2

x—0 X

Solution: using Newton's binomial formula
L+ X)* —1—4x=1+4x+6X> +4x> +x* —1—4x=x*(6+4x + x*)

(L+X)* —1-4x . 1+4x+6X° +4x3+x* —1-4x . X*(6+4x+Xx%)
lim > =lim > =lim >
x—0 X x—0 X x—0 X

Iirrg(6+4x+x2):6+0+0=6

2-example

Iim(\/x2 +X+1-VX2 —x—l)

X—>00

Solution: when calculating this limit, we save the subtraction from irrationality
for which we can extend this subtraction to the subtraction:

(\/x2 +x+1-X —x—l)(\/x2 +X+1+ VX —x—l)

lim =
X X+ X+1+UX% —x—1
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X4+ X+1-xX2+x+1 2X + 2
_| | _
H"‘)\/x +x+1+\/x -x-1 H’O\/x +x+1+\/x —X—- 1
2
. 2+; 2+0
Hw\/ 1 1 \/ 1 1 140+0++1-0-0
I+—+—5+[1-———
X X X X
3-example
l 2sinx -1
M T
6 X——
6

. . C e . . T
Solution: When calculating this limit, we will perform the next replacement X — 5

since t=x-2X0 , x=t+2
6 6
i 2sin t+£ -1 2 sintcos£+costsin£ -1
. 2sInx-1 .. 6 . 6 6
Iim—==1im =lim =
N T t—0 t t—0 t
6 X——

2| sintcos” +sin —cost |1
6 6 J3sint+cost—1 . +/3sint+cost—1

=lim =lim

=lim

t—0 t t—0 t t—0 t
2./3sin Lcos1 —2sin? t sin— t
= lim 2 t2 Z_Ith (\/_cos——sm ) 1-(+/3-0)=+/3.
2
4-example

3 — 31+ 2x

lim—
x->08iN5X + In(1— 4x)
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FuOH
\

AY)

3*~1+xIn3

1
3" — A1+ 2x 1+ 2x =(1+2x)3 ~1+2—;

Ilm R = =
x>0 SIN5X + In(1— 4x) _
sinb5x ~5x
1-4x~e™ |
1+x|n3—(1—2xj x(ln3+2]
. 3 . 3 2
lim = =lim =In3+—=.
X0 5x+1Ine X0 X 3
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