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Abstract:

This paper investigates the Carleman formulas within the framework of Siegel
domains, which are prominent structures in the theory of several complex variables.
Siegel domains, particularly of the second kind, provide a natural setting for the
study of holomorphic functions and their boundary behaviors due to their geometric
and analytical properties.

The Carleman formula serves as a reproducing integral formula, enabling the
analytic continuation of functions from boundary subsets to the interior of the
domain. In this study, we present generalized Carleman-type formulas adapted to
the geometry of Siegel domains, incorporating Hermitian forms and differential
structures. Special attention is given to the construction of integral kernels and the
application of these formulas to classes of holomorphic functions

The results demonstrate how function values in a Siegel domain can be recovered
from their boundary data, and how complex lines and automorphisms play a crucial
role in the formulation. This contributes to a deeper understanding of boundary
integral methods and the role of geometric symmetry in complex analysis.

Keywords. Siegel domain, Carleman formula, analytic continuation, reproducing
kernel, boundary value problem, holomorphic function, several complex variables,
Hermitian form, complex geometry, automorphism.

Introduction
An important role in the characterization of homogeneous bounded domains is
played by the Siegel domains. Let V be a convex open pointed cone in R" with the
vertex at the origin. A function F(u,v):C"xC™ —C* is called a V-Hermitian non-
degenerate form if:

L. Fuv)=Fv.u),

2. F 1slinearin u,
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3. F(u,u)eV and F(u,u)=0 if and only if u=0.
A Siegel domain of the second kind is a domain D c C" =C* xC™ of the form:

Dz{(z,u): zeCk, ueC™, Imz-F(u,u)eV}. (1)
Every Siegel domain of the form (1) is biholomorphically equivalent to a bounded
domain. The fundamental theorem of Vinberg—Gindikin—Pyatetsky-Shapiro states
the converse: every bounded homogeneous domain in C" is biholomorphically
equivalent to a homogeneous Siegel domain of the form (1).
The Shilov boundary of a Siegel domain of the form (1) is the set:

S={(z,u): Imz=F(u,u)},

It is a smooth generating manifold in C". Indeed, for every point (z°,u’) €S, the
complex tangent plane has the form:

Tsc(zo,uo):{(z,u): z—z°:Zi[F(u,uo)—F(uo,uo)]},
The complex codimension of TS equals k and it coincides with the real

codimension of the submanifold S. Therefore, the manifold S is a real
hypersurface of class C* in C".

The Lebesgue measure 4 on S is defined (up to a constant multiplier) by the
differential form w=dxAduadu, where x=Rez. Since D is biholomorphically
equivalent to a bounded domain, we can define the class A" (D) = A(D) in the same
way as in the case of the half-plane.

Let M be a closed bounded subset in S such that M >0. According to Sadullaev’s
Theorem 0.7, M is a uniqueness set for A'(D). Therefore, just as in the classical
case, the problem naturally arises of constructing Carleman formulas for the set M

. However, unlike classical domains, in the Siegel domain D there are, strictly
speaking, no points through which it is possible to conduct a sufficiently strong
family of complex lines intersecting S only along curves.

Indeed, consider a complex line passing through the point (z°,u’) e D in the form:

{(z,u): z=7"+at,u=u’+bt, acC* beC", teCl}

where aeC*, beC™, and teC'. Then the intersection with S is defined by the
equation:

Imz° — F(u°,u®) =—Imat + T (a°,b) + tF (b,a°) +|t|" F (b,b),
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In order for this intersection to be a curve (or straight line), one needs rigid
constraints on a and b. For instance, if b=0, then a must satisfy:
a=A[Imz° —F(u®,u°)]
Therefore, the methods of do not automatically transfer to the Siegel domain.
We proceed as follows: first, we restore the value of the function f at one of the
infinitely distant points of the set S, then, using automorphisms, we "spread" it
over S, and then the function f can be analytically continued from S to the domain
D using some integral representation for this domain
Let us consider a family of complex lines:
E=at+z
=

where (z,u)eS, teC', and a is a point in the cone V . These lines intersect S along
the line {t: Imt = 0}, and the domain D corresponds to the half-plane I1={t: Imt >0}
. Indeed,

Im —F(n,7)=Imz—-F(u,u) + Imat =almt
If Imt>0, then almteV. Without loss of generality, we may assume that
a=(1,...,1)ev and z=x+iy, where x=(0,x,,...,x,). Then the Shilov boundary S
can be decomposed into lines I,, ={(¢,n):& =t+z,p =uteR'}, where (z,u)eS.

If a compact set M c S satisfies xM >0, then define:
M ,=M ﬂlvxu,M':{('x,u): mM. >0}C RKL CM

The set M’ is measurable with respect to the measure m, ., ,, and by Fubini’s

theorem we have m M’>0. The complex lines I, define a unique point at

2m+k—1

infinity on the compactification S of S in CP*", which we denote by the symbol
0.

Theorem 1. (Kytmanov—Nikitina). Let f € A“(D), «>0. Then

f ]
f(oo): : 1 IlmJ. (Z,U)FD -(Z’u)d:uz,u
27zljd,u.xu el 7 +1—1F(U,9)
o
Let o =expy, where
I dt

Z,u)=— : :

v(zU) 7Z'Mj t—z +iF(u,u)

X,u
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Proof. Consider the auxiliary function F(t) = f (t +z,u), then F € A*(I1),, hence
1 i dt
f)=F@o) == [ FOP'O—
7 t+1

Note that

dz AduAdl=dxAduAdd=dtAdxAadunadd.
Multiplying by d'x A du A dU and integrating over M’, we obtain. The possibility
of passing the limit under the integral sign over M’ is justified by the fact that the
integrals over M, , are uniformly bounded for all j.

Now suppose the Siegel domain D is homogeneous. Every biholomorphic
automorphism of D is a rational vector-function. Among all automorphisms, we
can select affine ones, which form a transitive subgroup of automorphisms that act
transitively on S. However, affine automorphisms do not map the point at infinity
to a finite point. Therefore, using some automorphism, we first move our point at
infinity « to some finite point on S, and then we can apply affine automorphisms.
In this way, we can map « to any pointin S.

The resulting automorphism generally maps special points in S, but the set of such
points has zero measure (with respect to x ), since the manifold S is generated.
Thus, we can assume (if necessary, by slightly shrinking M) that M does not
intersect this set.

Let (®(z,u), w(z,u))— be an automorphism of D mapping a fixed point

(Zo,uo) €S\ M to the point «, where @ =(D,, ..., D,),, ¥ =y, ..., ¥,,)-
Theorem 2. (Kytmanov-Nikitina). If f € A*(D), then
9'(z,u)dD Ady Adi

@, (z,u) +i-iF(y,p)

1..
f(2°,u>)==1I f
(2°,u°) ngghjﬂ (z,u)
where

C=2ri Ild'd) Ady Ady; g(z,u) =e(D(z,u), y(z,u))

Proof. Follows directly from Theorem 1.
Example 1. Let

D:{(z,u): zeC' ueCm, Imz—|u1|2—...—|um|2>0}

375|Page



EduVision: Journal of Innovations in Pedagogy and

Educational Advancements
Volume 01, Issue 03, March, 2025
S brightmindpublishing.com
ISSN (E): 3061-6972
Licensed under CC BY 4.0 a Creative Commons Attribution 4.0 International License.

This domain is biholomorphically equivalent to the unit ball. To explicitly write the
kernel in formula for this case, we can biholomorphically map D to a ball B,
perform a rotation in B, and then map back to D.

In doing so, we obtain an automorphism of the domain D that maps the unique
point at infinity on the boundary S to any other point on S. Calculations show that

for this D, the kernel in (26.4) takes the form:

. _12m+2 _
|‘z0 +|‘ A AdD

p(z,u,z°,u®)

where

p(z,u,z°u°) =‘i(7° —7)-2<u,0’ >‘2m{2‘i(70 —7)-2<u,0’ >‘2 +

+i[(|z|2 —1)(20 +7°)—(‘z°‘2 —1)(2 +7)+4i(z—i)<u,0° >x Im(Z0 — |)]}

Example 2. Let
D=1¢",
the **future tube** (see [57]), i.e., the tube domain over the future light cone:
i ={z: 2eC", Y >yi+..+VY, Y, >0}
The boundary S of the Siegel domain D is mapped into the real cone R" (in this
case, the cone V is Hermitian with respect to a quadratic form). In order to move
the point at infinity to a fixed point in S, we use a transformation:
(x/2)*

22

and then apply inversion z+ z*. As a result, the kernel in formula. takes the form:
Thus, for functions f € A’(z*) and points x° €S, the following formula holds:

PO P 1710 R
Corel(x=x*) | [ % =% +i(x=x°)]

where P is obtained from ¢ after a corresponding change of variables. We can

-

assume that (x—x°)? %0 on the set M.
In conclusion, let us discuss the question of how to reconstruct the values of f on

the Shilov boundary S if the Siegel domain D is not homogeneous. Fix a point
(z°,u’) € S. Consider the complex lines passing through this point and intersecting

the domain D. These lines fall into two classes:

376 |Page



EduVision: Journal of Innovations in Pedagogy and

Educational Advancements
Volume 01, Issue 03, March, 2025
S brightmindpublishing.com
ISSN (E): 3061-6972
Licensed under CC BY 4.0 a Creative Commons Attribution 4.0 International License.

1.1, ={(Z,u): z=at+2° u=u°, teCl}, acV cR", theset | ND is a half-plane

IT with respect to t.
z|hp={aJn:z::m[F(auOy-pF(nb[h+z°,u:bt+u°,tec{L
beC", peC', F(b,b)eV . In this case, |, , "D is a disk of radius p centered at the
point t=—p.
Indeed, if z=at+2z° u=bt+u°, then:
Imz - F(u,u)=Imz, +Imat — F(u’,u®) —tF (u®,b) - |t F(b,b) =
=Imat —tF (b,u®) —TF (u®,b) - [t| F(b,b) eV.
So, if F(b,b) =0, then we obtain lines of the first class. If F(b,b) =0, then...
We have:
Ima,t —tF, (b,u’) — TF, (u®,b) — [t F, (b,b) =
for j=1,2,....k.

2 2

ﬁwﬂm—;a Fw%m—;a
F(bb | | F(bb)

:Fj(b,b) t+ ’ j:1121"'1k1

Therefore, for the domain D to intersect with such a line, it is necessary that
F(b,b)eV and

Fw%m—;a
F,(b,b)

which corresponds to a second-class line.
Let (2°,u’)eS and the cone V,, , = {(x,uo) Xx=x"+%, X eV} intersect M with a

=p j=12,..,kK

set of positive measure m,. Then the value of feA“(D) at (z°,u’) can be

reconstructed as follows.
Consider the lines |, of the first class; assume a =1. Noting that:

dx, A...Adx, =t“"dt Ada, A...Ada,
we get:

(X1 - Xf)ik dx=t"'dt Ada, A...Ada,
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Let M, ,=1,nM and M ={a:a =1 mM, >0}. Applying the method from the

proof of Theorem 1, we obtain:

lim J- f(z,u®)h’(z,u’)dx

f(z2°u)y=———
o 2xi[dai> e o (=X
,\7' XT,u

Thus, we analytically continue the function f onto a larger set M, . Repeating the
method again, we obtain the extension to M, with the property: if (z°,u®)eS and

Vo onM has positive measure m,, then the points (x+iy°,u’) e M, , where xeR".

Now let (z°,u’) be an arbitrary point on S. Consider the second-class line |, . If

F (b,b) =0, then we define:

p

so that z =z’ +t for zel, .

Let M, =M, Al

[Fb.u)+i/2][Fb.b)] ",

bp M :{b: beC™ mM, >0}. The latter set has positive 2m-

dimensional Lebesgue measure.
Further, we have:

dz, Adu A du=[t["dt AdbAdb,

and:
m L —
[(zl—zf)‘zl—zf‘2 } 0z, AOU A OU =t"'dt Adb A db.

Now we can recover the value of the function f(at+z°bt+u®) at t=0 using
Theorem 4.2. Then, multiplying the result by dz, AdU and integrating over M’, we

obtain the formula:

j _
_im [ f(z,u)Z (z,u)dz, Adu A dT

f(ZO,UO)Z - ) 2m !
27i [db db 17, (z,-7)|z -7
M

where M, is the projection of the set M, to the space of variables (z,,u).
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