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Abstract

This article examines Taylor series and their properties. Mainly, basic concepts related
to convergence, such as the radius of convergence of power series, Abel's theorem,
Cauchy-Adamard formula are analyzed. The uniqueness of the Taylor series, the
methods of expanding functions into a Taylor series, and the properties of
holomorphic functions are shown. The absolute and uniform convergence of series,
the Cauchy inequality, and their significance in complex analysis are discussed. The
article also examines the applications of Taylor series in mathematical analysis and
complex analysis.
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Introduction

In mathematical analysis and complex analysis, representing functions through series
is of great importance. Taylor series are one of the most widely used methods in these
fields, allowing functions to be expressed in simple form. This article provides an in-
depth study of Taylor series and their properties. In particular, basic concepts related
to convergence, such as the radius of convergence of power series, Abel's theorem,
and the Cauchy-Adamard formula, are analyzed. The uniqueness of the Taylor series,
the methods of expanding functions into a Taylor series, and the properties of
holomorphic functions are shown. The absolute and uniform convergence of series,
the Cauchy inequality, and their significance in complex analysis are discussed. The
article also examines the applications of Taylor series in mathematical analysis and
complex analysis. The research results offer new approaches that can be applied in
the fields of mathematical modeling, physics, and engineering.
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MAIN PART
Power series
Definition 1.1.1. This

Y,z
=0 (1.1.1)
or

Se(z-a)
n=0 (1.1.2)

A series of the form is called a power series.

Complex numbers are called the coefficients of a power series.

Ifin (1.1.2) we say z—a =¢, then the series (1.1.2) comes to the series of the form
(1.1.1). Therefore, studying the series of the form (1.1.1) is sufficient.
1.1.1-theorem. If the power series (1.1.1) converges for some (Z # O) values of z and
diverges for some values, then there exists a unique number R (R>0) such that the
series (1)

{z ell ]z R}
converging in the circle,
{zel :|z|>R}

and in the field, it will be divergent.
Definition 1.1.2. The number R is called the radius of convergence of the power series
(1.1.1), and the circle is called the circle of convergence of the power series, if the
power series (1.1.1) converges and diverges at .
Note. (1.1.1) power series
{z ell :z|= R}
points of the circle can either converge or diverge.
Properties:

1. If the radius of convergence of the power series (1.1.1) is R (R>0), then this
series 1s .
{zel |z|<R,R <R}

is uniformly convergent in the circle.
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Proof. Since the radius of convergence of the given power series is R, the series
{zel | z|<R}

will converge in the circle.

zoe{zell |z[<R,R <R}

let's take the point. Obviously, at this point, the power series converges absolutely,
ie.,

o0

2

n=0
the series will converge.
Vze{zeD | z[< z, |}

always

n
Cn ZO

n
c,z

S|cn|

n n
2| = €050

according to the Weierstrass sign
0
n
E
n=0

is uniformly convergent in the series.

Result.Summary of series of degree (1.1.1)
{zeD :|z|<R,R <R}

has a continuous function.

2. If the degree (1.1.1) is the radius of convergence of the series R (R>0) , then
this series can be derived term by term in .

Theorem 1.1.2 (Abel) . If

(1.1.3)

1f the series of degree
{ZGD |z« z, |}

will be absolutely convergent in the circle.
Proof. According to the condition

is convergent at the value of > then this series

8

z (1.1.4)
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the numerical series converges. By the necessary condition of series convergence

. n
lime,zy =0
n—>0

will be.
Since the sequence has a finite limit, then this sequence is bounded, i.e., there
exists a constant number M>0 such that for

<M

n
‘CnZO

from this

cnz"‘:‘cnzg‘-i <M=
z zZ,
(1.1.5)

0

now this

[*e]

2

n=0

n
C,z

along with the following row
e} Z "

2 M—

n=0 z 0

let's look at the row. Obviously

S M

n

z
29

1s convergent because

20

=g <1, and according to (1.1.5), the series is convergent

on the circle. Consequently, the given series converges absolutely within the range.
The theorem was proven.
Result. If

o0
n
T
n=0

is divergent at the point z = z;, then the series is divergent in the domain.
Proof: Let the given power series be divergent at the point z = z. Then this series -

convergent for the values sif & that satisfy the inequality , since if the series 15
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convergent for some value of z that satisfies the inequality then according to Abel's

theorem, this series at the point z = z, ) )
ecomes convergent and at the point . This

contradicts the statement that the | is divergent at the point z = z.
series

Consequently, the given series is divergent in . The result has been proven.

The Cauchy-Adamard theorem.
This

o0

n
S e
n=0

Let a power series be given.
From the coefficients of this series, we construct the following sequence of numbers:
(1.1.6)
Let us denote the maximum limit of this sequence as L, i.e.
(1.1.7)
The radius of convergence of a series of degree is determined by the formula. This
formula is called the Cauchy-Adamard formula.

Proof. a) Let $L = 0$, in which case it must be shown that the power series
converges at any point. In this case, the sequence (1.1.6) approaches zero, so at the
point and at this

|Zo —a|

the inequality is valid starting from any large values of n. So, starting from some n,
<6"

¢, (z,—a)

can be. It follows from this that the power series converges absolutely at any point z.

b). In this case, it must be shown that the power series is divergent at any point
other than the point z=a. Since the greatest limit of the sequence (1.1.6) is infinite, an
infinite number of values of n are found for the point, and for these

e
zZ—d

the inequality is fulfilled. From this

>1

¢, (z—a)"
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and this is a necessary condition for the power series to converge

lime, (z—a)" =0

will not be performed at any point.

v) L is a finite number, i.e. In this case, it must be shown that the power series
converges at points satisfying the inequality and diverges at points satisfying the
inequality.

Let it be . Since L is the largest limit, based on the property of this limit, starting
from n

dlle,| <L+e&,6>0.

Let's choose such that it satisfies the following inequality:

Then the previous inequality can be written as:

<L+l( 1 L]_M

Vel ol =d )" 224

or
7 cn||z—a|<W=9<l
because . From this

This means that the power series converges absolutely on the circle.

Now

lz—a|>~
L

Let it be . Any less than the definition of L and for infinitely many values of n

(/Z>L—g

it will be. Let's select it like this:

1)-

|z—d

e<(L-

In this case

1 ) 1

>L—(L-

ncn

z—a|" |z—q|
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or
|cn||z—a|n >1.

Since the last inequality holds for infinitely many values of n, the term cannot
approach zero at , i.e., the series is divergent. Thus, the Cauchy-Adamard formula is

proved for all cases.
Taylor's line. Let's say

ch(z—zo)” =c,+c(z—z)+c,(z+2) +...+c,(z—2z,)" +...

n=0

a power series is given, its radius of convergence). Obviously, this series
{ZeD I|Z—ZO|<R}

will converge in the circle. Assume the sum of a given power series:
(1.1.8)

Using the property of the power series mentioned above, we sequentially differentiate
the series (1.1.8):

@) =c, +e,2z- z)+e3z- 2P + K +cen(z- z,) '+ K,
fv'(z) = 022 + C33(Z = ZO) + K + Cnn(n - 1)(2 _ Zo)n-z + K,

Let us assume that in these equalities.

f(z,) = ¢,
') = ¢
f"(iz,) = 2,
f"(z,) = 3lc,,

......................

SO,
! " )
It 2! n!
bo'ladi.
So,
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¥

é Cn(Z' Zo)n

n=0
The coefficients of a power series are expressed through the point values of the
function and its derivatives. Substituting these coefficient values into (1.1.8).

(1.1.9)
can be. The power series (1.1.9) is commonly called the Taylor series.
Expand function to Taylor series. If , then the function at the point (around the

point )
Up(a)=fzeC. Jz—d/< p.p>0}=D

Taylor expands to:

16)= Sefe-af = £ LD ay.

n=0 M.
Proof. Let be the limit of . will be. First
| 1 B 1
-z —a—(z—a) (5_2{1_2 aj
—a
then
1 _2(z-a "
1_Z a n=0 é—a
—a

let's find by taking into account:

1 ©(z—aqa "
= 1.1.10
§—z ngo[f—aJ ( :

this is a geometric series, its denominator

z—a
E—a

ga teng.

Clearly, for £ €y, the following inequality

appropriate. (1.1.10) both sides of the equality
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1

—-/€)

and then integrating along the line 7, we obtain the following

1 1 @ "

—ff(g)dfz—fz f(g?ﬁ_l(z_a) d§

2riy &~z 271y n=0 (& — a)
we come to equality. From the above relationship

(1.1.11)

it follows. Subintegral

2 fe n

)3 #nﬂ (z—a)

n=0 (¢ ~a)
for the terms of the series

f (5 ) (Z— a)n
n+1

(£-a)
inequality holds. Obviously, the series converges.
In that case, according to the Weierstrass criterion

a2 &) .y
;EO (§ - a)"+1 ( )

the functional series y is uniformly convergent. Consequently, this series can be

» qu” (n=12,..) (M = maX\f(f)(j
P y

integrated term by term. Then the equality (1.1.11) is
(1.1.12)
appears. According to the aforementioned theorem

(1.1.13)
let's find out. As a result, from equations (1.1.12) and (1.1.13),

0 (n) z ©
F©)=3 1y =S e -z

. This means that the function f(z) is expanded into a Taylor series.

Koshi inequality. If the function is holomorphic on a closed circle, and the
boundary of this circle is on the circle , then the function for the coefficients of the
Taylor series

(1.1.14)
inequality will be true.
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Hologomorphism of the series sum. Cauchy's integral formula for a derivative
of arbitrary order. In this point, we will present several properties of a holomorphic
function using the theorem on the holomorphism of the sum of a power series.
Theorem 1.1.3. The derivative of any function is also holomorphic in the domain.
Proof. First, let's construct a circle for the point. According to Taylor's theorem, this
function is convergent in this domain

()= 4 ¢~ a

expands to a power series. It is known from the previous point that this function has

a derivative.
¥

fe¢=j =c, +2,(z- a)t .= g nc,(z- a)n_1

n=1

the function also represents a power series converging within the same range.
According to the theorem on the holomorphism of the sum of a power series, a
function is holomorphic in . From this, i.e., from the arbitrariness of the point. The
theorem has been proven.
Immediately from this theorem, for the antiderivative of a function of a complex
variable, the following result follows.
Result. If a function that is continuous in a domain has an antiderivative in this
domain, then it is.
Furthermore, if we repeatedly apply the above theorem to the derivative of a function,
the following theorem will be valid in the general case.

Theorem 1.1.4. Any derivative of an arbitrary function is also a holomorphic
function in a domain.
The following theorem states that the power series (Taylor series) of a function around
a given point is unique.

Theorem 1.1.5. If the function is in the range

(1.1.15)
is expanded into a power series, then the coefficients of this series are as follows:

(1.1.16)
is uniquely determined using the formula.
Proof. It follows that if we say initially in the expansion (1.1.15), then . In the next
step, we differentiate relation (1.1.15) by terms:
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f¢(z)= c, + 202(2 - ZO)+
and if we say here too, we find that. Continuing this process, i.e., if we differentiate
relation (1.1.15) times, we obtain:

f(”)(z)= nle, + c¥(z- z,)+ ...
and if we say here too, we find that is. The theorem has been proven.
Note. This theorem implies that any convergent series is a Taylor series of its sum.
This 1s determined by formula (1.1.16), which is written in the previous

paragraph

PFAC),

. n+1

2pi . (x - @ )
by comparing the formulas, we obtain the following formula for the derivative of any
order of a holomorphic function:

n

(1.1.17)
Since this point is arbitrary, we obtain the following Cauchy integral formula for any
derivative of a holomorphic function.
Theorem 1.1.6. If , then the function has a derivative of any order in and
(1.1.18)
the formula holds true.
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